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K-means clustering: inertia

A performance metric, called inertia

intertia = the mean squared distance
between each instance and its closest centroid

Elbow rule: any lower value would be dramatic, while any higher
value would not help much.

Figure 9-8. Selecting the number of clusters k using the “elbow rule”

As you can see, the inertia drops very quickly as we increase k up to 4, but then it
decreases much more slowly as we keep increasing k. This curve has roughly the
shape of an arm, and there is an “elbow” at k=4 so if we did not know better, it would
be a good choice: any lower value would be dramatic, while any higher value would
not help much, and we might just be splitting perfectly good clusters in half for no
good reason.

This technique for choosing the best value for the number of clusters is rather coarse.
A more precise approach (but also more computationally expensive) is to use the sil‐
houette score, which is the mean silhouette coe!cient over all the instances. An instan‐
ce’s silhouette coefficient is equal to (b – a) / max(a, b) where a is the mean distance
to the other instances in the same cluster (it is the mean intra-cluster distance), and b
is the mean nearest-cluster distance, that is the mean distance to the instances of the
next closest cluster (defined as the one that minimizes b, excluding the instance’s own
cluster). The silhouette coefficient can vary between -1 and +1: a coefficient close to
+1 means that the instance is well inside its own cluster and far from other clusters,
while a coefficient close to 0 means that it is close to a cluster boundary, and finally a
coefficient close to -1 means that the instance may have been assigned to the wrong
cluster. To compute the silhouette score, you can use Scikit-Learn’s silhou
ette_score() function, giving it all the instances in the dataset, and the labels they
were assigned:

>>> from sklearn.metrics import silhouette_score
>>> silhouette_score(X, kmeans.labels_)
0.655517642572828

Let’s compare the silhouette scores for different numbers of clusters (see Figure 9-9):
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K-means clustering: silhouette score

A more precise approach (but also more computationally expensive)
is to use the silhouette score, which is the mean silhouette
coefficient over all the instances.

• An instance’s silhouette coefficient is equal to (b− a)/max(a,b)
• where a is the mean distance to the other instances in the same
cluster (i.e., the mean intra-cluster distance)

• and b is the mean nearest-cluster distance (i.e., the mean
distance to the instances of the next closest cluster, defined as
the one that minimizes b, excluding the instance’s own cluster).
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K-means clustering: silhouette score

The silhouette coefficient can vary between -1 and +1.

• A coefficient close to +1 means that the instance is well inside its
own cluster and far from other clusters,

• while a coefficient close to 0 means that it is close to a cluster
boundary,

• and finally a coefficient close to -1 means that the instance may
have been assigned to the wrong cluster.
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K-means clustering: silhouette score

Figure 9-9. Selecting the number of clusters k using the silhouette score

As you can see, this visualization is much richer than the previous one: in particular,
although it confirms that k=4 is a very good choice, it also underlines the fact that
k=5 is quite good as well, and much better than k=6 or 7. This was not visible when
comparing inertias.

An even more informative visualization is obtained when you plot every instance’s
silhouette coefficient, sorted by the cluster they are assigned to and by the value of the
coefficient. This is called a silhouette diagram (see Figure 9-10):

Figure 9-10. Silouhette analysis: comparing the silhouette diagrams for various values of
k

The vertical dashed lines represent the silhouette score for each number of clusters.
When most of the instances in a cluster have a lower coefficient than this score (i.e., if
many of the instances stop short of the dashed line, ending to the left of it), then the
cluster is rather bad since this means its instances are much too close to other clus‐

Clustering | 249

Figure 9-9. Selecting the number of clusters k using the silhouette score

As you can see, this visualization is much richer than the previous one: in particular,
although it confirms that k=4 is a very good choice, it also underlines the fact that
k=5 is quite good as well, and much better than k=6 or 7. This was not visible when
comparing inertias.

An even more informative visualization is obtained when you plot every instance’s
silhouette coefficient, sorted by the cluster they are assigned to and by the value of the
coefficient. This is called a silhouette diagram (see Figure 9-10):

Figure 9-10. Silouhette analysis: comparing the silhouette diagrams for various values of
k

The vertical dashed lines represent the silhouette score for each number of clusters.
When most of the instances in a cluster have a lower coefficient than this score (i.e., if
many of the instances stop short of the dashed line, ending to the left of it), then the
cluster is rather bad since this means its instances are much too close to other clus‐

Clustering | 249

4/11

넨

과 고고v
-

. . . . . .

.[
고

%
부

**사. .이 -01

→

ㅔ

사
~



Polynomial Regression and
Regularization

다항식 화귀
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Polynomial regression

모델의차수는 어떻게결정해야하는가?
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Overfitting and underfitting

과적합 overfitting

• 학습데이터에 대해서는좋은성능을보이지만
• 처음보는 데이터에대해서는일반화하지못함
• 학습데이터의 양이나노이즈에비해모델이너무 복잡할 때
• 모델이학습데이터를일반화하는범위를넘어서과도하게의존함
• 모델이학습 데이터를기억하는듯한양상을보이기 시작

미적합 underfitting

• 모델이너무 단순하여학습데이터에대해서도부정확
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Overfitting and underfitting
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Overfitting and underfitting
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Regularization

정규화 regularization

• 비용함수에 복잡도에대한 penalty를추가
• 과적합에대한 비용을 optimizing cost에반영

Ridge regression

J(θ) = SSE(θ) + α

2
‖θ‖2 (1)

LASSO

J(θ) = SSE(θ) + α
∑

i
|θi| (2)
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Ridge regression

Ridge regression

J(θ) = SSE(θ) + α

2
‖θ‖2 (3)

• Hyperparameter α로두항목간의상대적인비중을조절
• Closed form solution θ̂ = (XTX + αIn)−1XTy

13 A square matrix full of 0s except for 1s on the main diagonal (top-left to bottom-right).

Figure 4-17 shows several Ridge models trained on some linear data using different α
value. On the left, plain Ridge models are used, leading to linear predictions. On the
right, the data is first expanded using PolynomialFeatures(degree=10), then it is
scaled using a StandardScaler, and finally the Ridge models are applied to the result‐
ing features: this is Polynomial Regression with Ridge regularization. Note how
increasing α leads to flatter (i.e., less extreme, more reasonable) predictions; this
reduces the model’s variance but increases its bias.

As with Linear Regression, we can perform Ridge Regression either by computing a 
closed-form equation or by performing Gradient Descent. The pros and cons are the
same. Equation 4-9 shows the closed-form solution (where A is the (n + 1) × (n + 1)
identity matrix13 except with a 0 in the top-left cell, corresponding to the bias term).

Figure 4-17. Ridge Regression

Equation 4-9. Ridge Regression closed-form solution

θ = XTX + αA −1   XT   y

Here is how to perform Ridge Regression with Scikit-Learn using a closed-form solu‐
tion (a variant of Equation 4-9 using a matrix factorization technique by André-Louis
Cholesky):

>>> from sklearn.linear_model import Ridge
>>> ridge_reg = Ridge(alpha=1, solver="cholesky")
>>> ridge_reg.fit(X, y)
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Lasso regression

LASSO

J(θ) = SSE(θ) + α
n∑

i=1

|θi| (4)

• Least Absolute Shrinkage and Selection Operator Regression
• 중요하지않은 feature들의 weight를 0으로만드는경향

Figure 4-18. Lasso Regression

An important characteristic of Lasso Regression is that it tends to completely elimi‐
nate the weights of the least important features (i.e., set them to zero). For example,
the dashed line in the right plot on Figure 4-18 (with α = 10-7) looks quadratic, almost
linear: all the weights for the high-degree polynomial features are equal to zero. In
other words, Lasso Regression automatically performs feature selection and outputs a
sparse model (i.e., with few nonzero feature weights).

You can get a sense of why this is the case by looking at Figure 4-19: on the top-left
plot, the background contours (ellipses) represent an unregularized MSE cost func‐
tion (α = 0), and the white circles show the Batch Gradient Descent path with that
cost function. The foreground contours (diamonds) represent the ℓ1 penalty, and the
triangles show the BGD path for this penalty only (α → ∞). Notice how the path first
reaches θ1 = 0, then rolls down a gutter until it reaches θ2 = 0. On the top-right plot,
the contours represent the same cost function plus an ℓ1 penalty with α = 0.5. The
global minimum is on the θ2 = 0 axis. BGD first reaches θ2 = 0, then rolls down the
gutter until it reaches the global minimum. The two bottom plots show the same
thing but uses an ℓ2 penalty instead. The regularized minimum is closer to θ = 0 than
the unregularized minimum, but the weights do not get fully eliminated.
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